In this paper, we investigate linear first-order fuzzy matrix differential dynamical systems where the coefficients matrix is described by a fuzzy matrix. We show some properties of the matrix differential dynamical systems, and their phase portraits are described by means of examples.
Introduction
The theoretical framework of fuzzy differential equations (FDE) has been on active research filed over the last few years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . The concept of fuzzy derivative was first introduced by Chang and Zadeh [4] . It was followed up by Dubois and Prade [16] , who defined and used the extension principle. A comprehensive approach to FDEs has been the work of Seikkala [12] , and Kaleva [5, 6] , especially in its generalized form given by Buckley and Feuring [2] . Their work is important as it overcomes the existence of multiple definitions of the derivative of fuzzy functions, see [16, 17, 7, 9, 12] . Also, Ref. [2] compares the various solutions to the fuzzy initial value problem that one may obtain using the different derivatives.
For further investigation, the fuzzy dynamical systems based on FDEs are also widely applied to fuzzy control systems [18] , bifurcations of fuzzy nonlinear dynamical systems [19] , artificial system [20] and many other fields.
In this paper we use a complex number representation of the a-level sets of the fuzzy system following Pearson [21] , who investigates a property of linear differential equations where the initial state is described by a vector of fuzzy numbers. The property is related directly to the matrix defining the original non-fuzzy system by passing to a complex number representation of the a-level sets of the fuzzy system which may avoid shortcomings mentioned above. Moreover, such approach could be useful in concrete computations and in the future theoretical development of the topic. Then we present the solutions of linear first-order fuzzy matrix differential dynamical systems as follows: _ MðtÞ ¼ AMðtÞ;
where A is a square fuzzy matrix, M(t) is an unknown matrix function and M 0 2 R nÂm is a crisp known matrix.
We focus on discussing properties of the two-dimensional dynamical systems and describe their phase portraits with examples.
The paper has been arranged as follows: in Section 2 we provides some preliminaries and notions, while, in Section 3, the solutions of the fuzzy linear matrix differential dynamical systems are gained and proofed. The properties of the nonnegative 0307-904X/$ -see front matter Ó 2011 Elsevier Inc. All rights reserved. doi:10.1016/j.apm.2011.05.054 matrix and nonhomogeneous linear matrix dynamical systems are also discussed in this section. The properties of twodimensional fuzzy matrix dynamical systems and their phase portraits are Shown in Section 4 by some examples.
Preliminaries
The basic definition of fuzzy numbers are given in [17, 22] , in this section, we review some of them. Definition 2.1. A fuzzy number is a fuzzy set u : R ! ½0; 1 which satisfies 1. u is upper semi-continuous, 2. u(x) = 0 outside some interval [c, d], 3. there are real numbers a, b : c 6 a 6 b 6 d for which
An equivalent parametric definition is also given in [17, 22] A triangular fuzzy number v, is defined by three numbers a 1 < a 2 < a 3 where the graph of v(x), the membership function of the fuzzy number v, is a triangle with base on the interval [a 1 , a 3 ] and vertex at x = a 2 . We specify v as (a 1 /a 2 /a 3 ). We will write: (1) . This metric is equivalent to the one used by Puri and Ralescu [9] and Kaleva [5] . It is shown [10] that (E 1 , D) is a complete metric space. Definition 2.5. f : R ! E 1 is called a fuzzy function. If for arbitrary fixed t 0 2 R and e > 0, a d > 0 such that jt À t 0 j < d ) Dðf ðtÞ; f ðt 0 ÞÞ < e exists, f is said to be continuous.
The concept of fuzzy differentiation was introduced by Dubois and Prade [16] , Puri and Ralescu [9] proposed two approaches for finding the fuzzy derivative. The first, based on the H-difference notation regards E 1 as a universe. The second approach suggested also by Goetschel and Voxman [17] , considers E 1 as a subset of a larger Banach space with the metric D and yields the following definition.
Definition 2.6. Let f : R ! E 1 be a fuzzy function and let t 0 2 R: The derivative f 0 (t 0 ) of f at the point t 0 is defined by
provided that this limit taken with respect to the metric D, exists. The elements f(t 0 + h), f(t 0 ) at the right-hand side of Eq. (4) are observed as elements in the Banach space B ¼ C½0; 1 Â C½0; 1 [22] . Thus if f ðt 0 þ hÞ ¼ ða; aÞ and f ðt 0 Þ ¼ ðb; bÞ; the difference is simply provided that this equation defines a fuzzy number.
Linear matrix differential dynamical systems
We consider matrix differential equations of the form _ MðtÞ ¼ AMðtÞ;
where A is a fuzzy square matrix, M(t) is an unknown matrix function. Let A be an n Â n fuzzy matrix and M be a n Â m matrix,
where M j 2 R m and M i 2 R n are the jth column and ith row of M respectively, and ðMÞ ij ¼ M i j ¼ m ij , and the initial condition M 0 is a crisp matrix.
The fundamental theorem for linear systems
We choose to solve (7) in parametric form then the system (7) 
where ðAuÞ k ¼ P n l¼1 a kl u l is the kth row of Au. From (7) and (10) 
M a ð0Þ ¼ M 0 ; 0 6 a 6 1:
Bðl; aÞðM a ðtÞ þ iM a ðtÞÞ;
M a ð0Þ ¼ M 0 ; 0 6 a 6 1;
has a unique solution given by
Bðl; aÞ
where the elements of the matrix B are determined from those of A as follows:
b ij ¼ ea ij ðl; aÞ; a ij ðl; aÞ P 0; ga ij ðl; aÞ; a ij ðl; aÞ < 0;
( in which e is just the identity operation and g corresponds to a flip about the diagonal in the complex plan, i.e., "a + bi 2 C,
Proof. According to Theorem 1 in [15] for every column j of M we have that
Bðl; aÞðM ja ðtÞ þ iM ja ðtÞÞ;
M ja ð0Þ ¼ M j0 ; 0 6 a 6 1;
Bðl; aÞððM 1a ðtÞ Á Á Á M ma ðtÞÞ þ iðM 1a ðtÞ Á Á Á M ma ðtÞÞÞ;
Bðl; aÞ Proof. According to Theorem 2 in [15] for every column j of M we have that M ja ðtÞ þ iM ja ðtÞ, is a solution of column j of (14) if and only if M ja ðtÞ þ iM ja ðtÞ is also the solution of column j of (15). Consequently ðM 1a ðtÞ Á Á Á M ma ðtÞÞ þ iðM 1a ðtÞ Á Á Á M ma ðtÞÞ is a solution of (14) if and only if ðM 1a ðtÞ Á Á Á M ma ðtÞÞþ iðM 1a ðtÞ Á Á Á M ma ðtÞÞ is also a solution of (15) . h
Fuzzy nonnegative matrix
Let A(0, a) be a nonnegative matrix, which that all elements a ij (0, a) = (a ij ) a of the matrix A(0, a) or e A are nonnegative, then Eq. (15) (18) and (19) (18) with Eqs. (19) and (22) with Eq. (23) respectively, we will find the following theorem: ) is a nonnegative matrix, and M 0 2 R nm þ , then M a ðtÞ þ iM a ðtÞ is the solution of (14) if and only if M a ðtÞ þ iM a ðtÞ is also the solution of (15) .
Proof. The same as proof of Theorem 3.3. h
Nonhomogeneous linear matrix dynamical systems
We consider the nonhomogeneous linear system _ M ¼ A a M þf ðtÞ;
Andf ðtÞ is a continuous matrix function, the elements off ðtÞ are fuzzy numbers.
Similarly, problem (24) can be rewritten as
Bðl; aÞðM a ðtÞ þ iM a ðtÞÞ þ ðf a ðtÞ þ i f a ðtÞÞ;
M a ð0Þ þ iM a ð0Þ ¼ Mð0Þ þ iMð0Þ;
b ij ¼ ea ij ðl; aÞ; a kj ðl; aÞ P 0; ga ij ðl; aÞ; a kj ðl; aÞ < 0:
is any fundamental matrix solution of (15) , then the solution of the nonhomogeneous linear systems (25) is given by
where / 2 (t, s) = / 2 (t)/ 2 (s) À1 and / 2 (t) satisfies the matrix
Bðl; aÞ/ 2 ðtÞ; / 2 ð0Þ ¼ I:
Proof. For every column j of M, we have
where f j is jth column of f. Hence,
and defining the coefficient value l 1 to be a fuzzy number about 3 and the coefficient value l 2 to be a fuzzy number about À3 which be done by setting for example l 1 ð0Þ ¼ 0;
x < 2;
Àðx À 3Þ 2 þ 1; 2 6 x 6 4; 0; x > 4;
Àðx þ 3Þ 2 þ 1; À4 6 x 6 À2;
0; x > À2; 8 > < > : 
y a1 z a1 w a1
x a2 y a2 z a2 w a2 x a2 y a2 z a2 w a2 
and defining the coefficient value l to be a fuzzy number about À3 which be done by setting for example x a1 y a1 z a1 w a1 x a1 y a1 z a1 w a1 x a2 y a2 z a2 w a2 x a2 y a2 z a2 w a2 x a1 y a1 z a1 w a1 x a1 y a1 z a1 w a1
x a2 y a2 z a2 w a2 x a2 y a2 z a2 w a2 , respectively. Then the phase portrait for this example is given in Fig. 2 
Conclusion
In this paper we extend the notion of first order linear fuzzy differential dynamical systems to the matrix dynamical systems with fuzzy matrices. Also, we discussed some properties of matrix dynamical systems with fuzzy matrices and their phase portraits. 
